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Closed-form solutions are developed for the small elastic motions of planar, � exible, multilink systems arranged
in chain topologies, in which the links are represented as Euler–Bernoulli bars in transverse vibration. The links
are connected by pin joints, the reference articulation angle between adjacent links can be arbitrarily selected, and
the system end conditions are set as either pinned or free. The characteristics of the solutions are investigated and
are shown to consist of combinations of the characteristic expressions associated with classical end conditions for
single links. These solutions are generalized to represent n links. A large-articulation � exible multibody model of
a two-link planar manipulator is then developed and linearized about an arbitrary reference angle con� guration.
One of the closed-form solutions serves as a truth model in the numerical and analytical evaluation of the use of
varioustypes of assumed modes in conjunctionwith the linearized multibodymodel.The results further con� rm the
validity of previously proposed guidelines for selecting assumed modes in articulating � exible multibody systems.

Introduction

S UBSTRUCTURE synthesis of complex structural dynamics
models has a long and successful history in the � eld of struc-

tural dynamics. A number of popular techniques were developed a
generationago1 ¡ 5 and have been extensivelyused ever since. These
methods use approximatingtechniquesto representthe small elastic
motions of the component substructures.Subsequent research gen-
eralized these techniques,6 described,7 explained,7,8 and quanti� ed9

their convergenceproperties.
The modelingof � exiblecomponentbodiesin articulating� exible

multibodysystemsalso typicallyreliesonapproximatingtechniques
to represent the small elastic motions of the component bodies.
However, the subject of robust techniques for modeling component
bodieshasnotbeensatisfactorilyaddressed.Lackingclearguidance,
applications engineers tend to experienceconsiderabledif� culty in
developing component-�exible-body model inputs for articulating
� exible multibody dynamics simulation software.

Tadikonda et al.10 rigorously analyzed models for articulating
� exible multibody systems from a nonlinear multibody dynamics
perspective and developed clear guidelines for modeling the con-
stituent � exiblebodies.The effortwas necessitatedby the numerical
dif� culties experienced by the authors while modeling the artic-
ulated space station and the shuttle remote manipulator systems.
Other investigators have reported similar numerical behavior.11,12

Use of the modeling guidelines developed in Ref. 10 ensures fast
convergence of synthesized models, avoidance of unnecessarily
high characteristic system frequencies, and maintenance of well-
conditioned system mass matrices.

In this paper we analyze articulating � exible multibody systems
from a linear structural dynamics perspective and, using closed-
form solutions as linear truth models, further test the effectiveness
of those modeling guidelines that determine the selection of com-
ponent body boundary conditions. We begin by examining a two-
� exible-linksystemhaving an intermediatepin joint,whose inboard
link is connected to ground by a pin joint at one end and whose out-
board link is free to move at the other end. We derive the equations
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of motion for small elastic motions and small articulations about
an arbitrary reference angle. We then formulate the corresponding
eigenvalueproblemand identify the salient featuresof the system as
described by the characteristic equation. We extend the derivation
to two-link free-freeand two-linkpinned-pinnedsystems, each hav-
ing an intermediatepinned joint. We then generalize these results to
n-link systems.

Finally, we compare the identi� ed characteristics of the two-
� exible-link pinned-free linear truth model to those of a two-
� exible-linkpinned-free linearized articulatedmodel. In particular,
we focus on the guidelines proposed in Ref. 10 for using the as-
sumed modes method in conjunction with an articulating � exible
multibody dynamics formulation.13 The results provide clear in-
sight into the dynamic behavior of the articulating links, from the
perspectives of both structural dynamics and articulating � exible
multibody dynamics.

As is customary in the literature,10,13 the term “articulating,”as in
articulatingjoint, indicateslarge-anglerigid-bodymotion.However,
when discussingclosed-formsolutions for the dynamic responseof
the structural systems, the term articulating herein denotes small-
angle rotationsabout pinned joints.The validityof these rotations is
limited to the small motions about any arbitrary reference con� gu-
ration, which can be described by a linear model. The higher-order
coupling between the rigid-body motion across articulated joints
and the elastic motions of the links is neglected. Accordingly, the
characteristic equations associated with the closed-form solutions
represent truth models for evaluating both the behavior and linear
characteristics of slowly articulating � exible multibody systems.
However, these equationsalso represent truth models for evaluating
the characteristicsof nonlinear,large-articulation� exiblemultibody
dynamics systems in selected operating con� gurations.These char-
acteristics provide clear insight to the behavior of such systems and
to the selection of assumed modes for representing their material
deformations. When simulating rapidly articulating systems that
undergo centrifugal stiffening, the guidelines tested and con� rmed
here representnecessary,but not suf� cient, modeling requirements.
Additional requirements, discussed in Refs. 10 and 14, also need to
be satis� ed.

Two-Link Pinned-Free System
Kinematics

Consider a two-link, pinned-free system, with arbitrary articula-
tion angles, as shown in Fig. 1. The � rst link is pinned to ground,
and the second link is pinned to the outboard end of the � rst link.
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806 MORDFIN AND TADIKONDA

Fig. 1 Two-link, pinned-free system.

The outboardend of the second link is free. The links articulate and
bend in the plane of the page. Although such a system is free to
undergo large articulations, we assume here that the articulations
with respect to any selected reference con� guration are very small
and restrict the development to a linear system.

We begin by de� ning the following quantities:L i = axial length,
u i = displacement perpendicular to the bar’s axis for link i , r =
rigid-body displacement of link 2 along its axis, h 2 = rigid-body
articulation angle of link 2 with respect to link 1, t = time, and
i = 1, 2.

Referenceframea is � xed to the inboardlink,and referenceframe
b is � xed to the outboard link. The joint between the two links is
located at point p on the inboard link and point q on the outboard
link. The location vectors of points p and q can be expressed as

r p = L1â1 + u1(L1 , t )â2 (1a)

rq = L1â1 + r (t )b̂1 + u2(0, t )b̂2 (1b)

where â j and b̂ j are orthogonalunit vectors � xed in frames a and b,
respectively and j = 1, . . . , 3. Using these de� nitions, we express
the following holonomic constraint vector:

rp ¡ rq = u1(L1, t )â2 ¡ r(t )b̂1 ¡ u2(0, t )b̂2 = 0 (2)

which yields the following two scalar constraint equations:

u 1 = r(t ) cos h 2 ¡ u2(0, t ) sin h 2 = 0 (3a)

u 2 = r(t ) sin h 2 + u2(0, t ) cos h 2 ¡ u1(L1, t ) = 0 (3b)

Dynamics
We now de� ne the following additionalquantities: q i = mass per

unit length, EI i = � exural rigidity, dxi = differential length along
the bar’s axis, xi = location along the bar’s axis, 0 · xi · L i , and
i = 1, 2. Without loss of generality, we assume uniform stiffness
and mass properties over the length of each link. The kinetic energy
T (t ), potentialenergy V (t ), and instantaneouswork of the workless
constraints d Wc(t ) for the system can be expressed as

T (t ) =
1
2

L1

0

q 1 Çu2
1(x1, t ) dx1 +

1
2

L2

0

q 2 Çu2
2(x2, t ) dx2

+
1
2

L2

0

q 2 Çr 2(t ) dx2 (4)

V (t ) =
1
2

L1

0

EI1u 0 0 2
1 (x1, t ) dx1 +

1
2

L2

0

EI2u 0 0 2
2 (x2 , t ) dx2 (5)

d Wc(t ) = k 1[cos h 2d r (t ) ¡ sin h 2d u2(0, t )] + k 2[sin h 2d r(t )

+ cos h 2d u2(0, t ) ¡ d u1(L1 , t )] (6)

where k 1 and k 2 are Lagrange multipliers and d is the variational
operator. A dot over a variable denotes differentiationwith respect

to time, whereas a prime sign representsdifferentiationwith respect
to the spatial variable x .

Applying the extended Hamilton’s principle for a constrained
system,

t2

t1

[d T (t ) ¡ d V (t ) + d Wc(t )]dt = 0 (7)

to the system that is represented by Eqs. (4–6), and subject to
Eqs. (3a) and (3b), we integrate the appropriateterms by parts, elim-
inate the unknown multipliers, and obtain the following boundary-
value problem:

q 1ü1 + EI1u 0 0 0 0
1 = 0 (8a)

q 2ü2 + EI2u 0 0 0 0
2 = 0 (8b)

u1(0, t ) = 0 (9a)

EI1u
0 0
1 (0, t ) = 0 (9b)

EI1u 0 0
1 (L1 , t ) = 0 (9c)

u1(L1, t ) cos h 2 ¡ u2(0, t ) = 0 (9d)

EI1u
0 0 0
1 (L1, t ) ¡ m2 ü1(L1, t ) sin2 h 2 ¡ EI2u

0 0 0
2 (0, t ) cos h 2 = 0 (9e)

EI2u
0 0
2 (0, t ) = 0 (9f)

EI2u 0 0
2 (L2 , t ) = 0 (9g)

EI2u
0 0 0
2 (L2, t ) = 0 (9h)

Both x1 and x2 are measured along the undeformed beam axes,
which are arbitrarily oriented, and

m2 =
L2

0

q 2 dx2

Using the method of separation of variables and an assumption of
synchronousmotion,

u i (xi , t ) = Ui (xi )e
j x t (10)

in the preceding, we obtain the following eigenvalue problem:

U 0 0 0 0
1 (x1) ¡ b 4

1 U1(x1) = 0 (11a)

U 0 0 0 0
2 (x2) ¡ b 4

2 U2(x2) = 0 (11b)

subject to the following boundary conditions:

U1(0) = 0 (12a)

U 0 0
1 (0) = 0 (12b)

U 0 0
1 (L1) = 0 (12c)

U1(L1) cos h 2 ¡ U2(0) = 0 (12d)

EI1U
0 0 0
1 (L1 ) + m2 x

2U1(L1) sin2 h 2 ¡ EI2U
0 0 0
2 (0) cos h = 0 (12e)

U 0 0
2 (0) = 0 (12f)

U 0 0
2 (L2) = 0 (12g)

U 0 0 0
2 (L2 ) = 0 (12h)

where

b 4
i = q i x

2 EI i (13)

The solution to the eigenvalue problem has the form

Ui (xi ) = Ai cos( b i xi ) + Bi sin( b i xi ) + Ci cosh( b i xi )

+ Di sinh( b i xi ) (14)
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Fig. 2 Pinned/slider-mass beam.

By substituting Eq. (14) in Eqs. (12a–12h), we can derive the sys-
tem’s characteristic equation as

EI1 b 3
1

s1ch1 ¡ c1sh1

s1sh1

+ 2m2 x 2 sin2 h 2

= ¡ 2EI2 b
3
2

1 ¡ c2ch2

s2ch2 ¡ c2sh2
cos2 h 2 (15)

where

ci = cos( b i L i ), si = sin( b i L i ), chi = cosh( b i L i )

sh i = sinh( b i L i ), i = 1, 2

We recognize the constituent expressions in Eq. (15) as being of
three types, and label them as follows:

PPi = sin( b i L i ) sinh( b i L i ) (16)

which is the characteristicexpressionof a singlepinned-pinnedlink
multiplied by a hyperbolic sine function

PFi = sin( b i L i ) cosh( b i L i ) ¡ cos( b i L i ) sinh( b i L i ) (17)

which is the characteristic expression of a single pinned-free, or
free-pinned, bar in bending and

FFi = 1 ¡ cos( b i L i ) cosh( b i L i ) (18)

which is the characteristic expression of a single free-free link. In
the current application none of Eqs. (16–18) is equal to zero.

SubstitutingEqs. (16–18) into Eq. (15), we can rewrite the char-
acteristic equation as

Q1PF1 + 2m2 x
2PP1 sin2 h 2

PP1

+ 2Q2
FF2

PF2
cos2 h 2 = 0 (19)

where Q1 = EI1 b
3
1 and Q2 = EI2 b

3
2 . We can further simplify the

equation by introducing the following composite characteristic ex-
pression:

PSi M( h i + 1 ) = Q i PFi + 2m i + 1 x 2PPi sin2 h i + 1 (20)

which is the characteristicexpressionof a pinned/slider-massbeam.
As shown in Fig. 2, this is a beam that is pinned to ground on its
inboard end and loaded on its outboard end by a mass that freely
slides in a rotating slot. The slot is free to rotate about the outboard
end of the beam. Introducing Eq. (20) into Eq. (19) yields

PS1 M( h 2)
PP1

+ 2Q2
FF2

PF2
cos2 h 2 = 0 (21)

Alternatively,we can introduce a different expression

SFi ( h i ) = Q i FFi cos2 h i + m i x
2PFi sin2 h i (22)

which is the characteristic expression of a slider-free beam. As
shown in Fig. 3, this is a beam that is connected to a slot on its
inboard end and is free on its outboard end. The inboard end of the
beam is free to both translate and rotate within the slot. Introducing
this expression in Eq. (19) and rearranging yields

Q1
PF1

PP1

+ 2
SF2( h 2)

PF2
= 0 (23)

Fig. 3 Slider/free beam.

We can now make the following observations:
1) When h 2 = 0 or p , Eq. (19) reduces to

Q1(PF1 / PP1) + 2Q2(FF2 / PF2) = 0 (24)

which shows that the rigid-bodymass of the outboard link does not
explicitly appear in the collinear case.

2) When h 2 = § ¡ p / 2, Eq. (19) reduces to

Q1(PF1 / PP1) + 2m2 x
2 PF2 = 0 (25)

This equation is satis� ed if either of the factors vanishes, and there-
fore

Q1(PF1 / PP1 ) + 2m2 x 2 = 0 (26a)

and

PF2 = 0 (26b)

Equation (26a) is that of a beam pinned at one end and mass loaded
at the other end,15 whrereas Eq. (26b) is that of a beam pinned at
one end and free at the other. As h 2 varies, therefore, the vibrational
characteristics of the system vary. Speci� cally, the bending behav-
iors of Links 1 and 2 are highlycoupledwhen h 2 = 0, but are entirely
decoupled when h 2 = p /2. Conversely, the mass loading effect of
the outboard beam on the inboard beam reaches its maximum value
when h 2 = p / 2.

3) The characteristicsof the links are not thoseof simple classical
bars, but rather are combinations of expressions reminiscent of the
characteristicsof simple classical bars. In other words, none of the
constituent characteristic expressions is equal to zero. This is be-
cause the inboard link, Link 1, is more restrained than a pinned-free
link, but less constrained than a pinned-pinned link. Similarly, the
outboard link, Link 2, is more restrained than a free-free link, but
less constrained than a pinned-free link. The only exception to this
observationoccurs when h 2 = p / 2, when the system reduces to two
uncoupled classical bars. In the case of three or more links, there is
no con� guration that completely decouples this way.

4) The forms of Eqs. (21) and (23) strongly resemble that of
Eq. (24). The pinned-free expression in Eq. (24) is replaced in
Eq. (21) by a pinned/slider-mass expression, and one of the free-
free expressions in Eq. (24) is replaced in Eq. (23) by a slider/free
expression. These observations suggest that the equations can be
presented in a recursive form. This subject is addressed in the next
section.

Figures 4 and 5 depict a two-link free-freeand a two-link pinned-
pinned system, respectively. Their characteristic equations can be
similarly developed.For a two-link free-free system the equation is

Q1FF1 + m2 x 2PF1 sin2 h 2

PF1

+ Q2
FF2

PF2
cos2 h 2 = 0 (27)

and for a pinned-pinnedsystem it is

Q1PF1 + 2m2 x
2PP1 ¢ sin2 h 2

PP1

+ Q2
PF2

PP2
cos2 h 2 = 0 (28)

We de� ne the following intermediate expression:

FSi M ( h i + 1) = Q i FFi + m i + 1 x 2PFi sin2 h i + 1 (29)
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Fig. 4 Two-link, free-free system.

Fig. 5 Two-link, pinned-pinned system.

Fig. 6 Free/slider-mass beam.

which is the characteristic expression of a free/slider-mass beam.
As shown in Fig. 6, this is a free-free beam, which is loaded on its
outboardend by a mass that freely slides in a rotating slot. Recalling
Eq. (20), we can express Eqs. (19), (27), and (28), respectively,as

2l PF( h 2 ) = [PS1 M( h 2)]PF2 + 2Q2PP1FF2 cos2 h 2 = 0 (30)

for the two-link pinned-free system,

2l FF( h 2) = [F S1 M( h 2)]PF2 + Q2PF1FF2 cos2 h 2 = 0 (31)

for the two-link free-free system, and

2l PP( h 2) = [PS1 M ( h 2)]PP2 + Q2PP1PF2 cos2 h 2 = 0 (32)

for the two-link pinned-pinnedsystem.

Three-Link and N-Link Systems
Figure 7 shows a three-link,pinned-freesystem with arbitraryar-

ticulationangles.Proceedingas in the precedingsection and assum-
ing small articulations about any selected reference con� guration,
we can obtain the characteristic equation as

Q1PF1 + 2m2 x
2PP1 sin2 h 2 Q2PP1 Q2PF2 + 2m3 x 2PP2 sin2 h 3 + 2 Q2FF2 + 2m3 x 2PF2 sin2 h 3 cos2 h 2

Q1PF1 + 2m2 x 2PP1 sin2 h 2 Q2PP1 PP2 + PF2 cos2 h 2

= ¡ 2Q3
FF3

PF3
cos2 h 3

(33)

Fig. 7 Three-link, pinned-free system.

Recognizing the constituentcharacteristicexpressions,we simplify
the equation to

[PS1 M( h 2)][PS2 M( h 3)] + 2Q2PP1[FS2 M( h 3 )]cos2 h 2

[PS1 M( h 2 )]PP2 + Q2(PP1)(PF2 ) cos2 h 2

= ¡ 2Q3
FF3

PF3
cos2 h 3 (34)

We then recognize the denominator of the left-hand-side expres-
sion as 2l PP( h 2 ). The numerator of the left-hand side is similar in
form to a rearranged version of 2l PF( h 2), in which the outboard
end of the second link is pinned/slider-mass loaded, as shown in
Fig. 2, instead of free. Accordingly, we denote this expression as
2l PS2 M( h 3 ) and write the characteristic equation as

2l PS2 M( h 3)

2l PP( h 2)
= ¡ 2Q3

FF3

PF3
cos2 h 3 (35)

Comparing the form of this equation to that of Eqs. (19), (21), and
(23), it is now quite apparent that the characteristicequation can be
written recursively. As a result, we write the equation for an n-link
pinned-free system as

nl PF( h ) = 2 c n ¡ 1FFn cos2 h n + PFn = 0 (36)

where

c i = Q i + 1
c i ¡ 1PFi cos2 h i + PPi

2 c i ¡ 1[FSi M ( h i + 1)] cos2 h i + [PSi M( h i + 1 )]

i ¸ 1 (37a)

c 0 = 0 (37b)

Similar equations can be written for n-link free-free and pinned-
pinned systems. For the n-link free-free system

nl FF( h ) = c n ¡ 1FFn cos2 h n + PFn = 0 (38)

where

c i = Q i + 1
PFi cos2 h i + 2PPi / c i ¡ 1

[FSi M( h i + 1 )] cos2 h i + [PSi M( h i + 1 )]/ c i ¡ 1

i ¸ 1 (39a)

c 0 = 1 (39b)
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and for the n-link pinned-pinnedsystem

nl PP( h ) = c n ¡ 1PFn cos2 h n + PPn = 0 (40)

where

c i = Q i + 1
c i ¡ 1PFi cos2 h i + PPi

2 c i ¡ 1[FSi M ( h i + 1)] cos2 h i + [PSi M( h i + 1)]

i ¸ 1 (41a)

c 0 = 0 (41b)

Implications for Modeling Using
Assumed Modes Approach

We now investigate the issue of what type of component-body
modes is most appropriate for modeling the links of nonlinear,
articulating � exible multibody systems using the assumed modes
approach. We accomplish this by linearizing a nonlinear assumed
modes system model about an arbitrary con� guration and compar-
ing the computed characteristic frequencies of this system with the
characteristic frequencies of a linear closed-form solution of the
same con� guration. We incorporate several types of component-
body modes in the linearized assumed modes model and demon-
strate what types of assumed modes are most appropriate. The
closed-formsolution provides both exact characteristicfrequencies
for comparison and an analytical basis for evaluating the variation
of assumed-modes-modelaccuracy with variations in reference ar-
ticulationangle. Although Ref. 16 developedclosed-formsolutions
for two-link nonplanar systems, it did not reduce them to concise,
recognizableforms and did not analyticallyevaluate their behavior.

Linearized Assumed Modes Model
The systemto be tested is the two-linkpinned-freesystemwith an

intermediatepin joint,which is depictedin Fig. 1 and describedin an
earlier section. We summarize the development of the linearized
assumed modes model as follows. Let u 1 j (x1) and u 2 j (x2 ) be the
assumedmodesand g 1 j (t ) and g 2 j (t ) representtheir time-dependent
amplitudes for Links 1 and 2, respectively.Link 1 denotes the link
that is pinned to the ground. Let h 1(t ) denote the angle between the
undeformedLink 1 axis and a referenceaxis attached to the ground,
and let h 2(t ) denotethe anglebetween theundeformedlinkaxes.The
linear and angular momentum coef� cients and modal mass terms
associated with these mode shapes are de� ned as10,17

a k j =
Lk

0

q k u k j dxk , k = 1, 2, j = 1, 2, . . . , Nk (42)

hk j =
Lk

0

q k xk u k j dxk , k = 1, 2, j = 1, 2, . . . , Nk (43)

mki j =
Lk

0

q k u ki u k j dxk , k = 1, 2, i, j=1, 2, . . . , Nk

(44)

where N1 and N2 denote the number of modes used for representing
link � exibility. Employing the articulating � exible multibody for-
mulation of Ref. 13 and assuming uniform mass distribution along
each link, the zeroth order mass matrix M for this system can be
obtained as

M11 = q 1L3
1 3 + q 2 L2 L2

2 3 + L2
1 + L1 L2 cos h 2 (45a)

M1,1 + j = h1 j + q 2 L2(L1 + 0.5L2 cos h 2) u 1 j (L1 )

j = 1, 2, . . . , N1 (45b)

M1,2 + N1 = q 2 L2 L2
2 3 + 0.5L1 L2 cos h 2 (45c)

M1,2 + N1 + j = h2 j + L1 a 2 j cos h 2 , j = 1, 2, . . . , N2 (45d)

M1 + i, 1 + j = m1i j + q 2 L2 u 1i (L i ) u 1 j (L1 ), i, j = 1, 2, . . . , N1

(45e)

M1 + i,1 + N1 + j = u 1i (L1 ) a 2 j cos h 2

i = 1, 2, . . . , N1 , j = 1, 2, . . . , N2 (45f)

M2 + N1 ,2 + N1 = q 2 L3
2 3 (45g)

M2 + N1 ,1 + j = 0.5 q 2 L2
2 u 1 j (L1) cos h 2, j = 1, 2, . . . , N2 (45h)

M2 + N1 ,2 + N1 + j = h2 j , j = 1, 2, . . . , N2 (45i)

M2 + N1 + i,2 + N1 + j = m2i j , i, j = 1, 2, . . . , N2 (45j)

M j i = Mi j , i, j = 1, 2, . . . , 2 + N1 + N2 (45k)

The system stiffness matrix K can be expressed as

K i + 1, j + 1 =
L1

0

EI1 u
0 0
1i (x1) u

0 0
1 j (x1 ) dx1 , i, j = 1, 2, . . . , N1

(46a)

K2 + N1 + i,2 + N1 + j =
L1

0

EI2 u
0 0
2i (x2 ) u

0 0
2 j (x2) dx2

i, j = 1, 2, . . . , N2 (46b)

K i j = 0, otherwise (46c)

For slow, small motions about the articulation angles h 1 and h 2,
high-ordercouplingbetween states can be neglected.Therefore, the
system equations of motion can be linearized and expressed as

Mq̈ + K q = 0 (47)

where q = [h 1 g 11 g 12 , . . . , g 1N 1 h 2 g 21 g 22 , . . . , g 2N 2]T .
Although Eq. (47) representsa linearized system, it contains sig-

ni� cant characteristics of the nonlinear system from which it was
derived.Speci� cally, it contains linear expressions for the deforma-
tional motions of each component body, the exact rigid-body mass
properties, and expressions for the interactions between the rigid-
body and deformationalmotions. These features are fundamentalto
the synthesized system characteristics,which are investigatednext.

Test Approach
We can now select a particularset of assumedmodes, generatethe

M and K matrices in Eq. (47), and solve for the frequencies of the
combined system for any referencearticulationangle. Reference10
recommends imposing the following requirements on the assumed
modes used to represent the deformationsof each componentbody:

1) The geometric boundary condition imposed at the inboard end
of the component-body structural model must be the same as that
in the physical system if the boundary were attached to ground.

2) Mass-augmentedmodes must be used to accountfor the effects
of outboard bodies.

Following these recommendations, the inboard link should be
modeled using pinned-free/mass-augmentedmodes, with the mass-
augmentationequaling the mass of the outboardbody. The outboard
link should be modeled using pinned-free modes. Reference 10
tested the recommendations on a single-link system, whose char-
acteristics are independent of articulation angle. We now test the
effectiveness of the recommendations for the two-link system at
hand for arbitrary reference articulation angles.

In conducting the tests we compare the effectiveness of using
� xed-free modes for both links, pinned-free modes for both links,
and the recommended modes for each link. All of these choices
clearly violate the system characteristic equation. However, in the
general case involving complex component bodies, it is impossible
to generateassumedmodes that satisfy it. Furthermore,practicalap-
plicationstend to rely on � nite elementmodeling tools in generating
the assumed modes. In such casesno attempt is made to analytically
develop eigenfunctions.Nevertheless, it is important to understand
the rami� cations of using various types of assumed modes.
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Test Results
Table 1 shows the frequencies obtained by solving the eigen-

valueproblemrelated to Eq. (47) with component � xed-freemodes,
pinned-free modes, and pinned-free/mass augmented modes, when
h 2 = 0 or § p . Table 2 shows the frequencieswhen h 2 = § p / 2. The
component links have unit mass, stiffness, and geometric properties
q 1 = q 2 = 1, EI1 = EI2 = 1, and L1 = L2 = 1. Tables 1 and 2 also
show the solutions to the characteristic equation, Eq. (30), for the
appropriate articulation angles.

We observe that the frequencies of the synthesized system in
Eq. (47) best approximatethe frequenciesof the characteristicequa-
tion when the recommended component modes are used for each
link. As just stated, these are pinned-free/mass-augmented modes
for Link 1 and pinned-free modes for Link 2. These component
modes satisfy the geometric boundary conditions while not violat-
ing the complementaryboundary conditions.8 In addition, their use
minimizes both the coupling of the system mass matrix and its con-
dition number, which suggests that they represent a very appropri-
ate set. Conversely, the frequencies of the synthesized system most
poorly approximate the frequencies of the characteristic equation
when component� xed-freemodes are used for both the links.These
modes violate most of the geometric and complementaryboundary
conditions. In addition, the � xed-free mode set maximizes both the
coupling of the mass matrix and its condition number, which sug-
gests that it representsa very inappropriateset.The � xed-freemodes
also cause the generationof one unnecessarilyhigh-frequencymode
per articulating joint. Reference 10 provides an analytical explana-
tion for this phenomenon.

The variationof articulationangles allows us to make the follow-
ing additional observations:

Table 1 Comparison of system frequencies synthesized using component modes to system frequencies
from characteristic equation; EI1 = 1 = EI2, L1 = 1 = L2, ½1 = 1 = ½2, and µ2 = 0 or §§ ¼

Frequencies (rad/s) obtained from the synthesized system using component modes

System Link 1: Link 1:
frequencies pinned-mass pinned-mass
obtained by Fixed-free Pinned-free augmented; Fixed-free Pinned-free augmented;
solving the for both for both Link 2: for both for both Link 2:
characteristic links, and links, and pinned-free, links, and links, and pinned-free,
equation, rad/s N1 = N2 = 3 N1 = N2 = 3 N1 = N2 = 3 N1 = N2 = 5 N1 = N2 = 5 N1 = N2 = 5

11.5140 11.5453 11.5280 11.5142 11.5202 11.5179 11.5140
19.9213 19.9437 19.9356 19.9294 19.9265 19.9248 19.9222
42.8424 43.1694 43.0367 42.8588 42.9178 42.8949 42.8443
57.6327 58.0367 57.8156 57.8461 57.6880 57.6677 57.6553
93.8294 154.1022 94.9359 94.0773 94.4447 94.0919 93.8514
115.2144 197.5372 116.9524 118.6841 115.3726 115.4039 115.4051
164.5620 —— —— —— 166.1229 165.4401 164.7014
192.5258 —— —— —— 193.7505 193.3366 193.6167
255.0333 —— —— —— 436.1855 257.5960 255.8064
289.5769 —— —— —— 530.2671 293.7670 298.3681

Table 2 Comparison of system frequencies synthesized using component modes to system frequencies
from characteristic equation; EI1 = 1 = EI2, L1 = 1 = L2, ½1 = 1 = ½2, and µ2 = §§ ¼/2

Frequencies (rad/s) obtained from the synthesized system using component modes

System Link 1: Link 1:
frequencies pinned-mass pinned-mass
obtained by Fixed-free Pinned-free augmented; Fixed-free Pinned-free augmented;
solving the for both for both Link 2: for both for both Link 2:
characteristic links, and links, and pinned-free, links, and links, and pinned-free,
equation, rad/s N1 = N2 = 3 N1 = N2 = 3 N1 = N2 = 3 N1 = N2 = 5 N1 = N2 = 5 N1 = N2 = 5

10.7144 10.7582 10.7350 10.7144 10.7234 10.7202 10.7144
15.4182 15.4194 15.4182 15.4182 15.4182 15.4182 15.4182
40.3986 40.9037 40.7507 40.3986 40.5358 40.4967 40.3986
49.9649 50.1274 49.9649 49.9649 49.9673 49.9649 49.9649
89.7730 153.3008 91.7904 89.7730 90.7877 90.2910 89.7730
104.2476 162.7676 104.2477 104.2477 104.3415 104.2477 104.2477
158.8735 —— —— —— 161.0878 160.6071 158.8736
178.2697 —— —— —— 179.2853 178.2697 178.2697
247.7080 —— —— —— 435.8218 252.5537 247.7081
272.0309 —— —— —— 446.4856 272.0310 272.0310

1) The synthesized systems match the exact frequencies the best
when h 2 = § p / 2 and the worst when h 2 = 0. It can be easilydemon-
strated that as the reference articulation angle is varied from 0 or p
to § p /2 the characteristicfrequenciesdecrease monotonically,but
not uniformly. At the same time the accuracies of the synthesized
models tend to increase because of the decreasing coupling of the
governing equations.

2) When h 2 = § p / 2, the frequenciesobtained from the assumed
modes model, which uses mass augmentedmodes, exactlyequal the
exact frequencies. The reason is as follows. From a structural dy-
namics perspective the modeling assumptions cause the links to
decouple in bending, and the links therefore behave as classi-
cal pinned-free and pinned/mass-loaded bars. This phenomenon
is illustrated by Eq. (25). However, from a multibody dynamics
perspective it is clear that the selection of the assumed modes de-
termines whether or not this phenomenon is captured. Whereas
all angle-dependent terms in the system mass matrix vanish be-
causecos(§ p / 2) = 0, the values of many other terms dependon the
types of assumed modes selected. When mass-normalized pinned-
free/mass-augmented and pinned-free modes are used for Links 1
and 2, respectively, the portions of the modal mass block repre-
sented by Eqs. (45e) and (45j) become identity. Coupling between
the rigid-body and � exible-body behavior represented by the non-
angle-dependentportions of Eqs. (45b), (45d), and (45i) identically
vanishes. The resulting mass matrix is diagonal, and the obtained
frequencies are the square roots of the diagonal elements of the
modal stiffness matrix. As a result, the expansion theorem18 guar-
antees that the obtained frequencies will be exact.

3) When h 2 = § p /2, alternate frequencies obtained from the as-
sumed modes model, which uses pinned-free modes for both links,
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are exact, whereas the others are in error. The error in this assumed
modes model is caused by the lack of mass augmentation in the
assumed modes for the inboard link. Because the deformational
behaviors of the links are dynamically decoupled, the modes al-
ternatingly represent the inboard and outboard link behavior. The
use of pinned-free modes causes an error for the inboard link, but
produces exactly correct results for the outboard link.

Summary
The test results con� rm the validity of the modeling guidelines

proposedin Ref. 10. These resultsdemonstrate the necessityand the
effectiveness of selecting the recommended boundary conditions
when creating component-body structural models for articulating,
� exible multibody dynamics systems. The closed-form solutions
developed,and the tests conductedagainst them, are valid for slowly
articulating � exible multibody dynamics systems. The guidelines
provide a necessary,but not suf� cient, set of modelingrequirements
for rapidly articulating systems that undergo centrifugal stiffening.
Models of such systems must also satisfy additional requirements,
which are discussed in Refs. 10 and 14.

Conclusions
Closed-form solutions have been developed for the small elastic

motions of three types of planar, � exible, n-link systems arranged
in chain topologies, in which the links are connected by pin joints.
The solutions are valid for evaluating the behavior and character-
istics of linear elastic systems undergoing slow, small articulations
about arbitrary reference-angle con� gurations. However, they are
also valid for evaluating the characteristics of large-angle articu-
lating � exible multibody dynamics systems. These characteristics
provide clear insight to the behavior of such systems and to the
selection of assumed modes for representing their material defor-
mations. Accordingly, one of the closed-form solutions was used
as a truth model to evaluate the use of various types of assumed
modes in conjunction with a linearized articulating � exible multi-
body dynamic model of a two-link planar manipulator. Numerical
results were presented and evaluated by investigating the analyt-
ical forms of both the closed-form solutions and the articulating
� exible multibody model. The results of the evaluations further
con� rm the validity of guidelines already proposed for selecting
boundary conditionswhen creating � exible component-bodymod-
els. Use of the guidelines ensures fast convergence of synthesized
models, avoidance of unnecessarily high characteristic system fre-
quencies, and maintenance of well-conditionedsystem mass matri-
ces. These guidelinesrepresentnecessary,but not always suf� cient,
requirements for component-bodymodeling. Models of rapidly ar-
ticulating systems that undergo centrifugal stiffening must also sat-
isfy additional requirements that are already speci� ed in the open
literature.
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